PRESENTING SCHUR SUPERALGEBRAS 



HOUSSEIN EL TURKEY AND JONATHAN R. KUJAWA 

Abstract. We provide a presentation of the Schur superalgebra and its quantum analogue 
which generahzes the work of Doty and Giaquinto for Schur algebras. Our results include 
a basis for these algebras and a presentation using weight idempotents in the spirit of 
Lusztig's modified quantum groups. 



1. Introduction 

1.1. The Schur algebra. The Schur algebra plays a central role in the representation 
theory of GL(n) (e.g. see [6]). It is also the prototypical example of a quasihereditary 
algebra (cf. [5j). And, of course, it is at center stage in Schur- Weyl duality. If V denotes a 
n-dimensional vector space and V'^'^ denotes the d-fold tensor product of V with itself (all 
vector Spaces and tensor products are over the rational numbers), then there is action of 
the Symmetrie group on d letters, T,d, on V^'^ by permuting the tensor faetors. With this 
notation we can define the Schur algebra by 



Sin, d) = Ends, [V 



On the other hand the enveloping algebra of the Lie algebra ^[(n), ?7(g[(n)), has a natural 
action on V and, hence, on V®'^. We could instead define Sin, d) as the image of the 
resulting representation C/(g[(n)) — )• Endjj (l/®*^). Schur- Weyl duality implies these two 
definitions coincide. Thus the Schur algebra acts as a bridge between representations of 
0l(n) and the Symmetrie group. The above story generahzes to the quantum setting if 
we replace the rational numbers with the rational funetions in the indeterminate q, the 
Symmetrie group by its Iwahori-Heeke algebra, and the enveloping algebra by the quantum 
group associated to 0l(n). The resulting algebra is called the (?-Sehur algebra. 

Beeause of fundamental importance of the Schur and g-Sehur algebras it is desirable to 
study them from as many perspectives as possible. Building on work of Green [TT], Doty 
and Giaquinto provided a presentation of the Schur algebras by generators and relations 
[9]. Since the enveloping algebra surjects onto the Schur algebra, the known generators and 
relations for C/(g[(n)) yield generators and relations for the Schur algebra. But as f7(g[(n)) 
is infinite dimensional and Sin, d) is finite dimensional, there must be additional relations. 
Remarkably, Doty and Giaquinto prove that only two more, easy to state, relations are 
required. As an outcome of their calculations they obtain a basis and a presentation via 
weight idempotents reminiscent of Lusztig's modified quantum group, U. They also prove 
quantum analogues of all these results. 
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One notable application of the Doty-Giaquinto presentation is Li's recent geometric real- 
ization of Schur algebras as a certain ring of constructible functions on generalized Steinberg 
varieties |15) . We also see that their presentation of the g-Schur algebra is closely related 
to the geometric construction of the g-Schur algebras and quantum group Ug(0[(n)) given 
by Belinson, Lusztig, and MacPherson [l] (cf. [6l Part 5]). 

1.2. The Schur superalgebra. There is a Z2-graded (i.e. "super") analogue of the above 
Setup. Namely, now let V = Vq @Vi denote a Z2-graded vector space with the dimension 
of Vq equal to m and the dimension of Vi equal to n. We define F®'^ as the d-fold tensor 
product of V with itself. The Symmetrie group S^; acts on V^'^ by signed permutation of 
the tensor factors. The Schur superalgebra is then defined to be 

S{m\n,d) = Ends, (v®'^^ . 

On the other hand the enveloping superalgebra of the Lie superalgebra g[(m|n), U (g[(m|n)), 
has a natural action on V and, hence, on V^'^. We could instead define S{m\n,d) as the 
Image of the resulting representation U{gl{m\n)) — >• Endjj (V^'^^. The super version of 
Schur- Weyl duality implies these two definitions coincide O [22]. Thus the Schur super- 
algebra acts as a bridge between representations of g[(m|?7-) and the Symmetrie group. In 
positive characteristic this connection can be used to prove the Mullineux Conjecture [1]. 

There is also a quantum version of this story. We again replace the rational numbers 
with the rational functions in the indeterminate q and the Symmetrie group by its Iwahori- 
Hecke algebra, and now replace the enveloping algebra by the quantum group associated to 
0[(m|n). Schur- Weyl duality in this setting was established by Moon ^20j and Mitsuhashi 
[19] . The resulting algebra is called the g-Schur superalgebra. Recently Du and Rui studied 
the representation theory and combinatorics of the g-Schur superalgebras |10] . 

1.3. Results. In this paper we generalize the results of Doty-Giaquinto to the Schur and 
g-Schur superalgebras. It should be noted that after obtaining the appropriate analogues of 
the ingredients used in [9j, the final results are proved using the same arguments as in the 
non-super case. The main challenge is to correctly formulate and prove these analogues. 

In Theorem 12.3. II we obtain a presentation for the Schur superalgebra from the Standard 
presentation of the enveloping algebra for Q[(m\n). We prove we only need to add two 
additional relations just as in the case of the Schur algebra. We then give an explicit basis for 
the Schur superalgebra and its integral form in Theorem 12. 14.31 Finally, in Theorem 12. 15. II 
we prove that the Schur superalgebra admits a presentation using weight idempotents in a 
form reminiscent of Lusztig's modified quantum group. 

We also prove the analogous results in the quantum setting. We use the quantum group 
U = Uq{Qi{m\n)) as presented by Zhang [25] and prove in Theorem 13.3.11 that we need to 
add only two additional relations to the Standard presentation of U to obtain the g-Schur 
superalgebra. We also provide a basis for the g-Schur superalgebra and an ^ = Z[g,g^^]- 
form in Theorem 13. 12. Ii Finally, in Theorem 13. 13. 1 1 we prove that the g-Schur superalgebra 
admits a presentation via weight idempotents which is reminiscent of Lusztig's modified 
quantum group for gl{n). 
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1.4. Future directions. The results of this paper open the door to a number of interesting 
avenues of research. Sergeev [22] and Olshanski [2T], in the nonquantum and quantum 
cases, respectively, give a Schur- Weyl duaUty for the type Q Lie superalgebras. It would 
be interesting to obtain a presentation for the corresponding type Q Schur superalgebras. 
In a different direction, our presentation of the Schur and g-Schur superalgebras ä la Doty- 
Giaquinto suggests the possibility of geometric constructions for g[(m|n) in the spirit of 
[UlTS]. In a third direction, in proving the quantum case we obtain the commutator formulas 
for the divided powers of root vectors and establish the existence of an ^ = TL\q^ g^^J-form 
for the quantum group Ug(gl(m|n)). Although perhaps not surprising to experts, to our 
knowledge this has not appeared elsewhere in the literature. The existence of such a form 
allows one to consider representations at a root of unity and a super analogue of Lusztig's 
small quantum group as in ^7j. Finally, the existence of a presentation of the g-Schur 
superalgebra using weight idempotents suggests that Lusztig's modified quantum groups 
should have a super analogue. Lusztig's modified quantum group is a key ingredient to 
the categorification of the quantum group associated to s[(n) (for example, as explained in 
[14j). Also see |18j and references therein for a discussion of categorifications of the g-Schur 
algebras. The categorification of quantum supergroups is currently an open problem and a 
super analogue of Lusztig's modified quantum group may be useful. 

1.5. Acknowledgments. The authors would like to thank the anonymous referee for sug- 
gesting improvements to the exposition. 



In this section all vector spaces will be over the rational numbers, Q. 

2.1. The Lie superalgebra Q\{jn\n). Given a Z2-graded vector space y = Vg ® Fi we 
write U € Z2 for the degree of a homogeneous dement v V . For short we call v even 
(resp. odd) if U = Ö (resp. v = 1). Let us also introduce the following convenient notation. 
For fixed nonnegative integers m and n and 1 < i < m + n we define 



Let = 0ö ® ßi denote the Lie superalgebra Ql{m\n). As a vector space g is the set of 
m + nhy m + n matrices. For 1 < i,j < m + n we set Eij to be the matrix unit with a 1 
in ith row and jth column. Then the set of matrix units forms a homogeneous basis for q. 
The Z2-grading on q is defined by setting gg to be the span of Eij where 1 < i, j < m or 
m + l<i,j<m-\-n and gj to be the span of the Eij such that m + \<i<m-\-n and 
l<j<noxl<i<m and m + l<j<m-\-n. That is, the degree of Ei^j is i + j. 

The Lie bracket on g is given by the supercommutator. 



By definition it is bilinear and so it suffices to define it on the basis of matrix units. 

We fix f) to be the Cartan subalgebra of g consisting of all diagonal matrices and let f)* 
be its dual. Let : f) — )■ Q be the linear map that takes an element of \) to its ith diagonal 
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2. Nonquantum Gase 




(2.1.1) 



[Ei,,Eki] = 5,kEü - {-if^^^'^^SüEkj. 



(2.1.2) 



entry. The set {si \ 1 < i < m + n} forms a basis of {}* and we define a bilinear form, ( , ), 
on fj* by setting 

{ei,ej) = {-lföij. (2.1.3) 
With our choice of Cartan subalgebra the root System of q is 

^ = {si — Ej \ l<i^j<m + n} 

and the matrix unit Eij spans the Ei — Sj root space. In particular there is a natural Z2- 
grading on <^ given by declaring that the root Ei — Ej has degree Eij = i + j. We fix the 
Borel subalgebra of g given by taking all upper triangulär matrices. Corresponding to this 
choice of Borel the positive roots are 

^'^ = {Ei - Ej \ 1 < i < j < m + n} 

and if we set ai = Ei — ei+i, then {ai, . . . , Om+n-i} are the simple roots. The simple roots 
have degree 

{Ö, if i 7^ m; 
1, it i = m. 

2.2. The Schur superalgebra. A g-(super)module is a Z2-graded vector space M = 
Mq © Ml which admits an action by g. The action respects the Z2-grading in that for any 
r,s € Z2, if 2; € gr and m E Mg, then x.m G M^+g. The action also respects the Lie bracket 
in that for any homogeneous x,y £ Q and m G M, we have 

[x,y].m = x.{y.m) — (— l)^'^y.(x.m). 

Note that here and elsewhere we give the condition only on homogeneous Clements. The 
general case is obtained by linearity. As all modules will be Z2-graded, we choose to omit 
the prefix "super". 

The natural g-module, V, is the vector space of column vectors of height m + n. For 
1 < i < m + n, let Vi denote the element of V with a 1 in the ith. row and zeros elsewhere. 
Then the set {vi \ l<i<m + n} defines a homogeneous basis for V with Vi = i for 
i = 1, . . . ,m + n. The action of Q on V is given by left multiplication. 

We denote universal enveloping superalgebra of g by [/. It inherits a Z2-grading from g 
and natural basis given by the PBW theorem for Lie superalgebras [12', Section 1.1.3]. As 
for Lie algebras, a g-module can naturally be thought of as a [/-module and vice versa. In 
particular, U admits a coproduct and so if M and N are g-modules, then M (^^ N is again 
a g-module. 

As it will be important in the calculations which follow, let us make this explicit. The 
coproduct [/—>■[/ (8> [/ is given on elements ofgbyxi->-x(8>l-|-l(8>x. We use the Convention 
that in any formula in which two homogenous elements have their order reversed, a sign 
is introduced which is — 1 raised to the product of their degrees. Given a homogeneous 
element 2; G g and homogeneous m G M and n G A^, then the coproduct along with the 
sign Convention implies that we have 

x.(m n) = (x.m) ^ n + {—l)^'"^m (x.n). 

In particular, for d > 1 we may define the d-fold tensor product of the natural module, 

y®"^ := y ® y . . . O y. 
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Let 

Pd-.U^ EndQ (y®"^) 

denotes the corresponding superalgebra homomorphism. We define the Schur superalgebra 
S{m\n,d) to be the image of pd- In particular, we can and will think of S{m\n,d) as a 
quotient of U. 

Note that the Schur superalgebra can also be defined as follows. There is a signed 
permutation action of the Symmetrie group on d letters, S^, on V^*^. The super analogue 
of Schur- Weyl duality [3l [22] then shows that 

S{m\n,d) = Ends, (^®'^) • 

2.3. A presentation of the Schur superalgebra. Our first main result gives the Schur 
superalgebra by generators and relations. Here and throughout, if A is an associative 
superalgebra and x,y € A are homogeneous elements, then we write 

[x,y] = xy- yyx. 

For an element x ^ A the map adx : A ^ Ais defined by adx(y) = [x,y]. Note that the 
bilinear form used in the following relations is the one introduced in (j2.1.3p . 

Theorem 2.3.1. The Schur superalgebra S{m\n,d) is generated by homogeneous elements 

6l ) • • • ) 6m+n— 1 1 /l 1 • • • 1 f m+n—l) H\ , . . . , Hiri+n 

where the 'L2-grading is given by setting Cm = fm — ^)'^i — fi — ^ /o*" i ^ m, and Hi = Ö. 
The following is a complete set of relations: 

(Rl) [Hi, Hj] = 0, where 1 < i, j < m + n; 

(R2) [e„ /,] = ö^j [Hi - i-lf'-'J^Hj+i^ , l<i,j <m + n-l; 

[Hi,ej] = {-iy{ei,aj)ej, and [Hi, fj] = -{-iy{£i,aj)fj, 
where 1 < i < m + n, l<j<m + n — 1; 

(R4) [em,e,„] = 0, (ad ei)i+l(""°^)lej = 0, if 1 < i j < m + n - 1 and i ^ m 
[cm, [cm-i, [em,em+i]]] =0, ifm,n> 2; 

(R5) [fm, fm] = 0, (ad/i)i+l("-°^)l/,- = 0, tfl<i^j <m + n-l andi^m 
[fm, [fm-1, [fm, fm+i]]] =0 ifm,n> 2; 

(R6) Hi + H2 + --- + Hm+n = d; 

(R7) Hi{Hi - 1) ■ ■ ■ {Hi - d) = 0, where 1 <i <m + n. 

2.4. Strategy and simplifications. The basic strategy of the proof of Theorem 12.3.11 is 
as in [9] and as follows. For short, let us write S for S{m[n, d). Let T be the superalgebra 
given by the generators and relations in the theorem. The goal is to prove T is isomorphic 
to S as superalgebras. We first show that relations (R1)-{R7) hold in S. This implies we 
have a surjective homomorphism T — )• 5. We then prove that the dimension of T is no 
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larger than the dimension of S by exhibiting a spanning set of T with cardinality equal 
to the dimension of S. See Section I2.14[ This immediately implies that the map is an 
isomorphism and the spanning set is a basis. 

Note that the universal enveloping superalgebra U is the superalgebra on the same gen- 
erators but subject only to the relations {R1)-{R5) (see [16] or [2l])- As S{m\n,d) is a 
quotient of U via pd it has the same generators but possibly additional relations. The 
content of Theorem 12.3.11 is that we only need to add relations (ß6) and {R7) to obtain a 
presentation of S(m|n,d). 

As it will be helpful in later calculations, let us briefly pause to make explicit the con- 
nection between this presentation of U via generators and relations and the one obtained 
from the matrix realization of Q given in Section 12.11 If we write Eij for the zj-matrix unit 
as in Section 12. H then the isomorphism between these superalgebras is given on generators 
by Gi 1-^ -Ej^j+i, fi I— 7- -Ej+i^j, and Hi i— )• Ei^i. We identify these two realizations of U via this 
map. In particular, there is a canonical embedding q ^ U and we will identify q with its 
Image under this map. 

As both S and T are quotients of U they are both generated by the Images of generators 
of U. To lighten notation, we choose to use the same notation for algebra elements which 
can be viewed in more than one of these algebras. In particular, we write e,, fi, and Hi for 
the generators of U and their Images in S and T. We will endeavor to always be clear in 
which algebra we are working. If the algebra is not explicitly stated, then the calculation 
holds for all three algebras U, S, and T. 

We will also frequently make use of the fact that the inclusion 

Ql{m) e gl(n) =00^ gl(m|n) 

induces an inclusion 

U{Ql{m) e0l(n)) ^ f/(g[(m[n)). 

Thus any computation involving purely even elements will carry over from [9|. More gen- 
erally, when calculations are essentially identical to those in [9] we will usually leave them 
to the reader. 

2.5. The new relations. We now observe that the equations (i?6) and {R7) hold in S. 

Lemma 2.5.1. Under the representation : U ^ End(y^'') the elements Hi, . . . , Hm+n in 
S satisfy the relations (Rd) and {R7) . Moreover, the relation {R7) is the minimal polynomial 
of Hi in Endq {V^'^) . 

Proof. Since the elements Hi, . . . , Hm+n are purely even, this follows from [9l Lemma 4.1]. 

□ 

As explained above, this implies the surjection pa ■ U ^ S factors through T and we 
obtain a surjective superalgebra homomorphism, T ^ S. To prove that this map is an 
isomorphism it suffices to show that their dimensions are equal by obtaining an explicit 
basis for T and, hence, for S{m\n,d). In fact it turns out to be no harder to work over the 
integers and so we obtain a basis for an integral form, S{m\n, d)z, of the Schur superalgebra. 
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2.6. Divided powers. Let A denote any of U, S, or T. Recall from Section 12.41 that we 
identify Ql{m\n) as a subspace of U. For each a = Ei — ej G <I>^ we use this identification 
and write Xq for the image in A of the matrix unit E^j. We call Xq a root vector. For x & A 
and G Z>o, define the kth divided power of x to be 

^(fc) - 

(r) 

In particular, we have the divided powers of the root vectors, Xq , for all a G $ and r > 0. 
We define 

A(m|n) = {A = (Ai, . . . , Xm+n) | Aj G Z, A^ > for 1 < i < m + n} . 

Given any tuple of integers A (e.g. A G A(m|n)), let |A| denote the sum of those integers. 
Using this we define 

A{m\n, d) = {A G A{m\n) \ |A| = d} . 
For i = 1, . . . ,m + n and k >0 define an element of A by 

'HÄ Hi{Hi-l)---{Hi-k + l) 



k / k\ 



where, by definition, 





1. 



2.7. The Kostant Z-form. We now define analogues of the Kostant Z-form. We also take 
this opportunity to introduce certain subalgebras which will be needed in what follows. Let 
A denote U, S, or T. Let A^ denote the subsuperalgebra of A generated by i/i, . . . , Hm+n- 
In particular, if ^ is 5" or T, then it is clear that A^ is the image of respectively, under 
the quotient map. 

The Kostant Z-form for A is denoted by Az and it is defined to be the subring of A 
generated by 

{ef \ /f ^ |i = l,...,m + n-l,A:>0}|j| (^^^ \ i = 1, . . . ,m + n,k > 0^. 

Moreover, we set A'^ to be the intersection of A^ with Aj^. For A equal to S or T, it is clear 
that Az and A'^ is nothing but the image of Uz and U^, respectively, under the quotient 
map. 

2.8. The weight idempotents. We begin by investigating the structure of and T^. 
For A = (Aj) G A{m\n) we define 

m+n / „ 

^ n 

i=i ^ * 

Note that as Hi, . . . , Hm+n commute the the product can be taken in any order. When 
A G K{m\n,d) it is convenient to set the notation 

Because of part (b) of the following proposition we refer to these elements as weight idem- 
potents. 



Proposition 2.8.1. Let be the ideal of generated by the elements 

Hl + H2 + ■ ■ ■ + Hm+n — d 

and 

Hi{Hi - l) ■ ■ ■ {H, - d) 

for i = 1, . . . , m + n. Then 

(a) We have a superalgebra isomorphism U^/I^ = T^. 

(b) The set {Ix \ A € A{m\n, d)} is a Q-basis for and a Z-basis for T^. Moreover, 
they give a set of pairwise orthogonal idempotents which sum to the identity. 

(c) In we have H\ = for any X € A(m|n) such that \X\ > d. 

Proof. Since the elements Hi,...,Hm+n are purely even, this follows from [9l Proposi- 
tion 4.2]. □ 

Proposition 2.8.2. Let l<i<m + n, '^>o, A G A{m\n,d), and fi € A{m\n). We 
have the following identities in the superalgebra : 



(2) H^lx = A^Ia, where \ = \{ {^'] ; 



(3) H^= ^Ia. 

AeA(r?i|n,d) 

Proof. They follow from [9l Proposition 4.3]. □ 

2.9. The root vectors. We continue to let A denote any of U, S, or T. Recall from 
Section [2.61 that for each a G $ WG h.civ6 tliG root vGctor Xq, G A. In p3-rticulcir, iiotG thcit Xq, 
is homoffGnGOUS and where the grading on roots is as given in Section 12.11 Given 

a = Ei — Ej ^ we set 

Given a = Ei — Ej, ß = e^ — Ei & ^ such that q + /3 S <I>, we dehne 

Ca,ß = < ^ , (2.9.1 

[-(-l)^"^", iii = l. 

Using this notation (|2.1.2p implies the following commutator formula for root vectors in A. 
Lemma 2.9.1. Let q, /3 G $ and say a = Ei — Ej and ß = e^ — Ei, we have 

Ha, if a + ß = 0] 

\Xr,,Xß\ = ■{ Ca,ßXa+ß, if a + ß £ 

0, otherwise. 
We also note that an easy induction proves that for all a, 6 > and a G <I> we have 

x(r).W = ('^ + ^)xr^). (2.9.2) 



2.10. Commutation relations between root vectors and weight idempotents. We 

now compute the commutation relations between root vectors and weight idempotents. 



Proposition 2.10.1. For any q G A € A{m\n,d) we have the commutation formulas: 



Ia+o^;« if X + a G A{m\n,d) 
otherwise 



and 

\ Xa^x-a if X — a £ A{m\n,d) 



otherwise. 



Proof. Although analogous to [9, Proposition 4.5], the proof involves keeping track of signs 
so we include it. We first note that (j2.1.2p imphes for ah / = 1, . . . ,m + n and a € <!> we 
can use the parity function given in (j2.1.ip and the bihnear form given in (j2.1.3p to write 

[Hi,Xa] = i-l)\ei,a)xo,. (2.10.1) 
Now say a = Ei — Sj. Using ()2.10.ip we obtain 



n 



HÄ (H, - {-lf{-ir\ (Hj - (-iy(-(-iy) 
aJ V J\ X, 



n 



H 

Multiplying on the left by and using the fact that HiXa = Xa{Hi + 1), we get 

Aj + 1 



Hj + l ^ Hj /Hj - 1\ /Hj + A / TT (Hl 
A« + l ' \ + lV A, A ) U^A^' 



Xn 



which, using Proposition 12.8.2} simplifies to 



If Xj > 0, then this can be rewritten as 



a ■ 



The first summand on the right-hand-side of the preceding equality vanishes by Proposi- 
tion [22111 This proves the first part of the proposition in the case Xj > 0. If Xj = 0, then 
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(|2.1U.2|) can be written as 



Xry 1 



oJ-A 




where = (Ai, . . . , Aj + 1, . . . , Aj_i, 0, . . . , Am+n)- But then |/i| = \X\ + 1 > d and hence the 
right-hand-side is zero by Proposition 12.8.11 This proves the first statement. The proof of 
the second is similar. □ 



2.11. Commutation relations between divided powers of root vectors. We now 

compute the commutation formulas between divided powers of root vectors; but first we 
make a simplifying Observation. If the root vector Xa is odd (i.e. if a is an odd root), then 
in g we have [x^, Xa] = 0. But in U and, hence, in S and T, we have [xq,, x^] = 2x'^. Taken 
together, this imphes 







in U, S, and T for all odd a G That is, for odd roots we only need to consider root 
vectors of divided power one. 

Lemma 2.11.1. Let a, ß (z ^ and r, s G Z>o. 

(1) Ifxa = and Xß = 0, then 



(r) W 
•^a -^ß 



min(r,s) 



s + 2j 



min(r,s) 

('') , J Js-j) (j) (r-j) 

" "T a,ß-^ß ^a+ß-^a 

i=i 



(s) (r) 

ß '-^ 



(2) Xq = and Xß = 1, then 



3.(r) (1) 



' (1) ('•) , (^-1) 
ß ] C-a^ßX(^-\-ßXoi_ , 

•-ß 



(3) Ifxo 



1 and = 0, then 



Xß Xa + CotßXa+ßX ß , 
/3 



^-^■), */a + /3 = 0; 

i/a + /3 G 
otherwise. 



ifa + ßi 



i/a + /3 G 
i/a + /3 ^ 



(4) If Xa = ^ and Xß = 1, then 



x(i)x^^) 

^a -^ß 



I TT 

^ß 1 J-io 



-X^ß'^Xa^ + z/ O + /3 G 

„(1)^(1) 



ifa + ß = 0; 
ifa + ß€ 
otherwise. 



(2.11.1) 



(2.11.2) 



(2.11.3) 



(2.11.4) 
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Proof. As (|2.11.ip involves purely even root vectors, it follows from the classical case (see 
Equations (5.11a)-(5.11c)]). Equations (j2.11.2p and (12.11.3p are verified by a straightforward 
induction on r. Equation (j2.11.4p follows directly from Lemma 12.9.11 □ 



2.12. Kostant monomials and content functions. Any product in A of nonzero ele- 
ments of the form: 

xM, (2.12.1) 



s 

taken in any order and for any r, s G Z>0) a£^,l<i<m + n, will be called a Kostant 
monomial. Note that by \13\ Lemma 2.1] the set of Kostant monomials span Uz and, hence, 
and Sz- The goal is to find a subset of Kostant monomials which will provide a basis 
for Tz- 

We now introduce the content function on Kostant monomials. They will be used as a 
bookkeeping device in the proof of Proposition 12.14TT1 It is defined just as in the classical 
case [Hl Section 2]. 

The content function 

m+n 

X '■ {Kostant monomials} Ze^ (2.12.2) 

i=l 

is defined as follows. We first dehne it on the elements in (j2.12.ip . Ii a = £i — £j G ^ and 
r > 1, then 



If i = 1, . . . , m + n and r > 1, then 



X ( [f] ] = 0. 



We then extend this definition by declaring x{^^) = x(^) + xO^) whenever X, Y are 
Kostant monomials. 

We also dehne a left content function, xl, and right content function, xr, on the elements 
given in ()2.12.ip by 

Xlix'-a'^) = rsi. 



They are defined on general Kostant monomials using the rules Xi(Xy) = xl{X) + Xl(X) 
and xni^^) = Xni^) + XrO^) for any Kostant monomials X and Y. 

In what follows we view elements in the Image of the content functions as elements of 
A{m\n) via the map 

m+n 

ajEi 1-^ (ai, . . . ,am+n)- (2.12.3) 
11 



2.13. A lemma on content functions. To label the elements of our basis for the Schur 
superalgebra, we need to define the foUowing set of tuples of nonnegative integers indexed 
by the positive roots of g: 

P{m\n) = {A = (^(a))^g$+ | A{a) G Z>o if ä = Ö and A{a) G {0, 1} if ä = 1} . (2.13.1) 

Fix an order on For A = {A{a)) G P{m\n) we define 



{A{a)) 
a 1 



fA = II X 



{A{a)) 
a 1 



where the producta defining ca and Ja are taken according to the fixed order on 

The last ingredient we need is the following partial order on A(m|n). It is defined by 
declaring for A = (Aj), /x = (^Uj) in A{m\n) that 

A ^ /i (2.13.2) 

if and only if Aj < Hi for i = 1, . . . ,m + n. 

Lemma 2.13.1. For A = {A{a)), C = (C(a)) G P(m|n), A G A(m|n) we have 

xieA^xfc) ^ A if and only if XLilyeAfc) ^ A' if and only if XR{eAfc'^\") ^ A", 
where 

A' := A + ^ A{a)a, 
X" := A + ^ C{a)a. 

Proof. As our content functions are defined just as in [9], the proof of [U Lemma 5.1] apphes 
verbatim. □ 

2.14. A basis for the Schur superalgebra. Let us define the set 

Y= U {cAlxfc I x{eAfc) < A}. 

AGA{m|n,d) 
A,C<^P{m,\n) 

Note that we have the following alternate descriptions of Y . Following from Proposition 
12. in. U we have 

eA'i-xfc = 'i-yeAfc = eAfc'i-X", 
where A' and A" are as above. Using this and Lemma |2 . 1 3 . 1 1 we can characterize Y as 

Y= U {Ia'Ca/c I XLieAfc) ^ A'} = [J {eAfc^x" I XR{eAfc) ^ A"}. 

X'eA{m\n,d) X"eA[m\n,d) 
A,C£P{m\n) A,C£P{m\n) 

Finally we are prepared to give a basis for T. 
Proposition 2.14.1. The set Y spans the 7^- superalgebra Tz- 
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Proof. The proof is exactly parallel to the proof of [9, Proposition 5.2]. Namely, as discussed 
in Section [2.121 the Kostant monomials span Tz- From Proposition 12.8. Tl we in fact know 
that Ti is spanned by Kostant monomials consisting of products of divided powers of root 
vectors and weight idempotents. Given such a Kostant monomial, we may use Proposi- 
tion [2?inil] to move all weight idempotents to the right hand side of the Kostant monomial. 
Thus it suffices to show that Kostant monomials consisting of products of divided powers 
of root vectors can be written as an integral linear combination of elements in Y. This 
is done by inducting on the degree and content of the monomial using the commutation 
formulas. As our content formula and commutation formulas are of the same form as in 
[9], the inductive argument used there applies here without change. The only difference 
appears when we use the commutation formulas given in Lemma [2. 11.11 Extra signs appear 
but all coefficients remain integral and this is all that is needed for the proof. 

We also need that for all s,t G Z>Oi the term ^ " in (j2.11.ip belongs to T^. As 

these elements are purely even this follows from the remark after [9l Equation (5.11)]. It 
can also be verified directly by an inductive argument using the identity 

Ha — 1 \ / Ha\ l Ha — 1 



1 



□ 



Lemma 2.14.2. The cardinality of the setY is equal to the dimension of the Schur super- 
algehra. 

Proof. By [8, Section 2.3] the dimension of the Schur superalgebra is equal to the number 
of monomials of total degree d in the free supercommutative superalgebra in + v? even 
variables and 2mn odd variables. Equivalently, the dimension of S is the same as the 
number of monomials in m? + v? — l even variables and 2mn odd variables of total degree 
not exceeding d. From this it is immediate that the dimension of S is the same as the 
cardinality of the set 

P = {eAHßfc I B = {Bi) G A(m|n); = 0; ^, C7 G P(m|n), \A\ + \B\ + \C\ < d} . 

Thus to prove the lemma it suffices to give a bijection between P and Y . Define the map 
P ^ y by 

eAHßfc ^ caIa/c, 
where X = {d — \A\ — \B\ — \C\)ei + B + xi^Afc)- The inverse map is given by 

caIa/c ^ eAHßfc, 

where B = X — xi^Afc) ~ XiEi. This completes the proof of the lemma. □ 

As T surjects onto S{m\n, d), it immediately follows from the previous two results that Y 
is a basis for the Schur superalgebra and its integral form and that T and S are isomorphic. 
Therefore we have proven Theorem 12.3.11 and the foUowing result. 

Theorem 2.14.3. The set 

Y= \J {eAlxfc\A,C eP{m\n),x{eAfc)^X} 

\&A{m\n,d) 
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is a (J-basis for S{m\n,d) and a "L-hasis for S{m\n,d)x- 

Finally, we note that there is another basis similar to Y in which the e and / monomials 
are interchanged (see [9l Theorem 2.3] where the analogous basis is denoted Y-). 

2.15. A weight idempotent presentation. We also have an alternate presentation of 
the Schur superalgebra using weight idempotents. 

Theorem 2.15.1. The Schur superalgebra S{m\n,d) is generated by the homogeneous Cle- 
ments 

6li • • • ) Cm+n— Ii /li • • • 1 /m+n— Ii IAi 

where X runs over the set A(m\n,d) and the 'L2-gTading is given by setting em = fm = 1; 
ei = fi = Ö for i m, and 1a = Ö for all X € A(m|n, d). 
The following are a complete set of relations: 

{Kl') 1a1^ = öx,^il\, Y.\eh{ni\n4) 1a = 1 

(R2') eilA = 

(R2") filx - 

(R2'") Ixei -- 



(R2"") 1a/. = 

(R3') h, /,] = ö., ZxeAMn,ä) (^^- - (-ir-^^ A,+i) 1,. 
And relations (ß4) and {R5) given in Theorem \2.3.1i 

The proof of Theorem 12 . 1 5 . 1 1 is identical to the analogous [9l Theorem 2.4] so we omit it. 

3. Quantum Gase 

The ground field is now the field of rational functions in the indeterminate (?, Q((?). In 
this section all vector spaces will be defined over 



Ix+ai 1 


i/ A + G A(m n, d) 


0, 


otherwise. 


1a— cvi/i) 


if X — Oi & A(m\n, d) 


0, 


otherwise. 




if X — Oi & A(m n, d) 


0, 


otherwise. 


fi^X+ai ) 


if X + Oi G A(m n, d) 


0, 


otherwise. 



3.1. The quantum supergroup for g[(m|n). We have analogous results in the quantum 
setting. The enveloping superalgebra U is replaced by the quantized enveloping superalgebra 
U = Uq{Ql{m\n)) defined in [31250. By definition U is given by generators and relations 
as foUows. The generators are: 

El , . . . , Ü/jn+n— 1 ) ) • • • ) -P^m+n—lj i • • • i K^j^^ . 

The Z2-grading on U is given by setting Em = Em = l, Ea = Ea = Ö for a ^ m, and 
Kg^ = Ö. These generators are subject to relations (Ql) — {Q5) in Theorem 13.3.11 



"'^Note that there are errors in [25] which are corrected in [?]■ 
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3.2. The q-Schur superalgebra. To define the g-Schur superalgebra, Sq{m\n, d), we need 
to introduce the analogue of the natural representation for U. Set V to be the {m + n)- 
dimensional vector space with fixed basis vi, . . . , w^+n • A Z2-grading on V is given by 
setting Va = ä, where we use the notation introduced in (j2.1.ip . Before proceeding we set 
a convenient notation. For a = 1, . . . ,m + n we define 

qa = (3.2.1) 
The analogue of the natural representation, p : U ^ End(Q(g)(V), is defined by 

p{Ka)vb = q^'-"'\b = qt'''vb, 

p{Ea)vb = 6a+l,bVa, (3.2.2) 
p{Fa)vb = 5a,bVa+l- 

The bilinear form used above is as in (12.1.3p . It is a direct calculation to verify that this 
defines a representation of U. 

We define a comultiplication on U given on generators by 

A(K) =Ea® + l^Ea, 

A{Fa) =Fa0l + KaK'l^ (3.2.3) 

/^{Ka)=Ka®Ka. 

Using this comultiplication and the sign Convention discussed in Section 12.21 we then have 
an action of U for any (i > 1 on the d-fold tensor product of the natural module, 

V®'^ := V(g)V(g)---(g)V. 

That is, we obtain a superalgebra homomorphism 

Pd-.V^ EndQ(g) (V®'^) . (3.2.4) 



We define the q-Schur superalgebra Sg{m\n,d) to be the Image of pd- In particular, we 
can and will view it as a quotient of the superalgebra U and so a set of generators of U 
gives a set of generators for Sq{m\n,d) which are subject to possibly additional relations. 

3.3. A presentation of the g-Schur superalgebra. We first introduce the quantum 
analogue of root vectors so as to more easily State the relations for the g-Schur superalgebra. 
For 1 < a ^ b < m + n we define the root vector Eafi recursively as follows. For a = 
1, . . . , m + n — 1 we set 

Ea,a+1 '■= Ea and -Ea+l.a := Fa- 

If |a — 6| > 1, then Ea^b is defined by setting 

I Ea.cEcfi — qcEc,bEa,c, if O > 5; /o o 1 N 

nja b = \ ' _i (o.O.i ) 

\^Ea,cEc,b - qc Ec,bEa,c, if O < 6. 

where c can be taken to be an arbitrary index strictly between a and b. It is straightforward 
to see that Ea^b is independent of the choice of c. It is also straightforward to see that Eafi 
is homogeneous and of degree — 

We can now give a presentation for Sq{m\n,d). Note that the bilinear form used in the 
following relations is defined in (|2.1.3p and the notation qa is as defined in (I3.2.ip . 
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Theorem 3.3.1. The q-Schur superalgebra Sq{m\n,d) is generated by the homogeneous 
elements 

El , . . . , , Fl, . . . , F^^n_i , ) • • • ) -f^m+n ■ 

The 'L2-grading is given by setting = F^ = 1, E^ = F^ = Ö for a ^ m, and K^^ = Ö. 
These elements are subject to the following relations: 

(Ql) For M, N e {±1} and 1 < a, b < m + n, 
and 

KaK-' = K-'Ka = 1; 
(Q2) For 1 < a < m + n and l<b<m + n — 1 

KaEt,,b+l = (7(^-"''^^6,b+li^a = q^a"'"'^'''''-''^ Eb,b+lKa, 

KaEb+i,b = q^''^'-"'^Eb+i,bKa = qi^''-''+'-^''-''^Eb+i,bKa; 
(Q3) Forl<a,b<m + n-l 

[^a,a+l, m+l,b\ — Oa,b ZT > 

Qa - Qa 

and for \a — b\ > 1, we have the commutations 

Ea+l,aEb+l,b = Eb+l,bEa+l,a and Ea,a+lEb,b+l = Eb,b+lEa,a+l', 
(Q4) El^,m+1 = -^m+l,m = 0/ 

(Q5) // neither m nor n is 1, we have the following Uq{gl{m\n)) Serre relations. 
For a ^ m, we have 

(a) Ea+l,aEa+2,a = qaEa+2,aEa+l,a, l <a<m + n-2, 

(b) Ea,a+lEa,a+2 = qaEa,a+2Ea,a+l, 1 < a <m + n-2, 

(c) Ea+l,a-lEa+l,a = QaEa+l,aEa+l,a-l, 2 < a < TU + n, 

(d) Ea-l,a+lEa,a+l = QaEa,a+lEa-l,a+l, 2 < a < m + n; 

For a = m, we have 

[Em+l,m7 EYn+2,m—l] — [-E^m,m+1 ) -E^m— l,m+2] — 0- 

// either m = 1 or n = 1, then these relations are omitted; 
(Q6) KiK^ . . . K^K-\^K-\^ ■ ■ ■ K'l^ = q^; 

(Q7) {Ka - l){Ka - qa){Ka - qD ' ' ' {Ka " qt) = 0,foralll<a<m + n. 
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3.4. Strategy and simplifications. As in the nonquantum case, the approach of [9J ap- 
plies in our setting once the correct definitions and calculations are established. Namely, 
let T be the algebra defined by the generators and relations of Theorem 13.3.11 The basic 
hne of argument is the same as before: we prove that relations (Ql) through {Q7) hold in 
S = Sg{m\n,d) and so we have a surjective map T — >■ S induced by the map pd given in 
(j3.2.4p . We then show this map is an isomorphism by showing via a series of calculations 
that the dimension of T is no more than the dimension of S. As it is no more difficult, we 
actually prove a slightly stronger result by working with a Z[g, g~^]-form. 

As before we lighten the reading by using the same notation for elements of U and their 
Images in the quotients T and S. We will make it clear in which algebra we are working 
whenever it is important to do so. Furthermore, we can again make use of the fact that 
the quantum group associated to gg is a subalgebra of U (as the subalgebra generated by 
Ea,Fa (a / m) and K^^, . . . and so calculations on purely even elements follow 

from the analogous results in the non-super setting. 

3.5. The new relations. We first prove that relations {Q6) and {Q7) hold in S = Sq{m\n, d) 
and, hence, the surjection : U ^ S factors through T. 

Lemma 3.5.1. Under the representation : U — > End(V®'^), the images of the Ka satisfy 
the relations (Q6) and {Q7). Moreover, the relation {Q7) is the minimal polynomial of the 
image of Ka in End(V'^'^). 

Proof. Using the action of U on V given in (j3.2.2p and on V®"' via the comultiplication 
(j3.2.3p and the sign Convention discussed in Section r2.2l the argument is as in the nonquan- 
tum case except that the calculations are done multiplicatively. We point out that there is 
one subtlety (and it is the reason why our relations differ slightly from the analogous ones 
from [9l Lemma 8.1]). Namely, the action of Ka when a > m is the inverse of what might 
be expected. □ 

3.6. Divided powers and weight idempotents. Let A denote U, T, or S. We now 

dehne various elements of A which are analogous to those defined in the nonquantum 
setting. 

We first introduce notation for the quantum integers. Given n G Z>o, let 



q - q-^ 



and 

[n]l = [n].[n-l] [2] • [1]. 

It is helpful for calculations to note that [n] is unchanged by the Substitution q i-^ q~^ and, 
in particular, under the Substitution q^ qa- 

Given x € A and k € Z>o, we define the kth divided power of x by 

-[k]V 

In particular, the root vectors introduced in Section [3^31 have divided powers, E^al-' ^^'^ 
l<a^h<m + n and r > 0. 
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Ii 1 < a,b < m + n, then we set 

Ka,b = KaK-\ 

For t G Z>o and c S we use the qa notation given in ()3.2.ip and set 



Ka]C 

t 



n 



-"-aya 'da 



and 



=1 



~ 



n 



c-s+1 



da ~ 'da 



For short, we write 



'Ka 






t 




t 



For A = (Aa) E A(m|n), we write 



m+n 

n 

a=l 



A„ 



As the Ka commute, the product can be taken in any order. For A G A(m|n, d) we introduce 
the shorthand 

1a := i^A 

and because of part (b) of Proposition 13.6.11 we call these weight idempotents. 
We dehne A'' as the subalgebra of A generated by 



K^^ and 



t 



for all a = 1, . . . , m + n, t G Z>o. We dehne A^ to be the A = ^[5, q ^]-subalgebra of A*^ 
generated by 



K^^ and 



K„ 



for all a = 1, . . . , m + n, t > 0. If A equals T or S, then it is clear that A" and A|^ is the 
Image of U'' and U|^, respectively, under the quotient map. 

Now we investigate the structure of T'^ and T|^. In the following proposition we continue 
our use of the notation qa introduced in (|3.2.ip . 

Proposition 3.6.1. Define 1^ to be the ideal o/U^ generated by 

K1K2 ■ ■ ■ KmK^_^^ ■ ■ ■ K~\n - q'^ 

and 

{Ka - l){Ka - qa) ■ ■ ■ {Ka - qi) 

for a = 1, . . . ,m + n. Then the following Statements hold. 

(a) 14^6 have a superalgebra isomorphism /iP = . 

(b) The set {1\ \ X G h{m\n,d)} is a Q{q)-basis for and a 7j[q, q~^]-basis for T^. 
Moreover, they give a set of pairwise orthogonal idempotents which sum to the iden- 
tity. 

(c) K^ = for any fi G A(m[n) such that |/i| > d. 
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Proof. As these elements are purely even, the proof of [9, Proposition 8.2] applies if we keep 
in mind the slight difference in Ka when a > m and that we should replace each v in their 
argument by g^. □ 

To State the next result we need to introduce the Gaussian binomial coefficient. For 
z e Z, and t € Z>o, define 



n 

s=l 



jZ—s+1 q—z+s—1 



(3.6.1) 



In the equations which follow one might expect qa to appear in the binomial coefficients. 
However, the binomial coefficient is invariant under the map q so this dependency 

is avoided. 



Proposition 3.6.2. Let l<a<m + n, t & ^>o, c G Z 
We have the foUowing identities in the superalgebra T"; 



A € A{m\n,d), and ^ G K{m\n) 



t 



1> 



Aa + C 
t 



(b) K^lx = where A^ = 



Aa 



(c) K,= Yl VIa- 

XeA{m\n,d) 

Proof. As the elements are purely even, the argument from the proof of ^ Proposition 8.3] 
carries over if we replace v hy qa- D 

3.7. Commutation relations between root vectors and weight idempotents. Re- 

call that in Section 13.31 we defined root vectors Ea^b G U for every l<a^b<m + n. 
As is our Convention, we also write Ea^b for their Image in T and S. We now compute the 
commutation relations between root vectors and weight idempotents. 

Proposition 3.7.1. For any X € A{m\n,d), and a = eb — £c ^ ^, we have the commutation 
formulas: 

\l\+aEb,c if X + a e A{m\n,d) 
I otherwise 



Ehc'i-) 



and similarly 



Eb^c^x-a if X — a £ A{m\n, d) 
otherwise. 



Proof. The following identities are derived by direct computation. 



X;0' 




X;-i' 




"Aa + 1 






1 








1 




Aa + 1 



Ka-, 1 
Aa 



Xa 



+ q^--'K~^ 



Ka 
Xa-1 



(3.7.1) 
(3.7.2) 



From the defining relation {Q2), we can see that Ka and Eb^c commute if a 7^ 6 and a ^ c. 
Moreover, 

KbEb^c = qbEb,cKb. 
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This implies 

We also have: 
which implies 



Then, for A € A(m|n, d), and 6 ^ c, we have 



Eb,c 


Kb 
Xb_ 




Kb;-l 
h 


Eb,c- 


(3.7.3) 


KcEb^c = Q 


c ^Eb^cKc, 






'K, 




X; 1" 

Ac 


Eb,c- 


(3.7.4) 



Eb,c'^> 



Xb 



Ac 



n 



Kl 



E, 



b,c- 



Multiply both sides of the preceding equality by 
band side and (|3.7.3p . (|3.7.4p to simplify the left-hand side. The result is: 



Kb 
Xb 



and use (I3.7.ip to simplify the right- 



Eh 



Kb;l 
Xb 



h 



Xb + l 
1 



Kb 
Xb + 1 



Kc-A 

Xr 



Assuming Ac > 1 and using (j3.7.2p . we get 
Ehc^x 



'Xb + 1 




" Kb ■ 




'k; 


1 




Xb + 1 







k: 



n 

l^b,c 

Kc 

Xr-l 



Kl 
Xi 



E, 



b,c- 



n 

lj^b,C 



Kl 
Xi 



E, 



b,c- 



Thus, when Ac > 1 we can multiply through in the above expression and apply Proposi- 
tion I3.6.1f c) to see that the first summand must be zero. The above equality simplifies 
to 

Ehc^x 



Ic" ^K^ ^'^X+aEb^c- 



Now, by Proposition l3.6.2T a). ^ acts on Ia+q as 



Thus we obtain the equality 



in the first part of the proposition in the case Ac > 1. 

If Ac = 0, then the right-hand-side is zero by Proposition 13.6. TT c). This proves the first 
part of the proposition. The proof of the second part is similar. □ 

3.8. Commutation formulas between divided powers of root vectors. We will need 
to know how divided powers of root vectors commute with each other. To obtain this we 
use the PBW-Commutator Lemma presented in [7J. We first consider the case when both 
root vectors correspond to positive rootß 



EnhE, 



a,b^c,d 



{-l)Ea,,EyE,^dEa,b 
{-l)^a,,E^,äq^E^^^Ea,b 

^_l)E^,,E^,,q^E,^^Ea,b 

Ea,d + Qc^Ec^dEa,b 
(-l)Ea,,E^,aE^^^Ea,b + (% 



-1- 



Ea,dEch 



{b < c Ol c < a < b < d) 
{a < c <b = d) 

{a = c<b<d) (3.8.1) 
(6 = c) 

{a < c <b < d) 



^Note that there is a typographic error in O 20(b)] and that we have chosen to write signs in an equivalent 
but more Symmetrie fashion. 
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Before stating the result, we first observe that we can make the following assumptions. 
First, since the case when both root vectors have divided power one is handled by (13.8.ip . 
we may assume that at least one of the powers is greater than one. Second, if — Eh is an 
odd root, then by [3 Section IV] we have E'^^ = 0. That is, just as in the nonquantum case 
we may assume the odd root vectors have divided power at most one. Therefore, in what 
fohows if the power of a root vector is one, then it may be even or odd; but if the power is 
greater than one, then we are imphcitly assuming the root vector is even. In particular, the 
combination of these two assumptions means that in each formula below at least one root 
vector is even and, hence, our formulas do not involve extra signs due to the Z2-grading. 

Under the above assumptions lengthy but elementary inductive arguments using (|3.8.ip 
imply the fohowing commutator formulas for the divided powers of root vectors associated to 
positive roots. In these relations and the ones that follow we use the qa notation introduced 
in ()3.2.ip and the Gaussian binomials introduced in (jS.G.ip . The relations given here are 
analogous to those obtained by Xi for the quantum groups of simple Lie algebras 



Proposition 3.8.1. Let Ea,b and E'cd two root vectors with a < b and c < d, and let 

M, N > 1 satisfying the assumptions given above. We then have the following commutation 
formulas. 

(1) Ifb<corc<a<b<d, then 

(M)^(N) ^ (N)^(M) 



(2) Ifa = c<b<dora<c<b = d, then 

(3) If a < b = c < d, then 



p(M) p(7V) _ A/7V p{N) piM) 
^a,b ^cA - 1b ^cA ^a,b ' 



min(Af,Ar) 

^{M)^{N) ^ sr^ -(N-t)(M-t)j^{N~t)j^{t)j^iM-t) 
a,b c,d / j "b c,d a,d a,b 

t=0 

(4) If a < c < b < d, then 

min(M,Af) 

^a,b ^c,d - 1b y1b-1b ) m-^c,b^c,d ^a,b ^a,d- 

t=0 

We note that from these commutator formulas we can derive a second set by solving for 
E^^^ and then interchanging (a, b) and (c, d). Taken together with the formulas given 
in the proposition these give a complete set of commutator formulas for divided powers 
of positive root vectors. That this is a complete set of formulas can easily be seen by 
considering the various possibilities for the subscripts (cf. [9, Section 9]). 

There is a similar set of commutator formulas for divided powers of negative root vectors. 
They can be derived directly using the analogous results from [7j. Alternatively, U admits 
an antiautomorphism given by Ea^ Fa, Ea, and Ka ^ Kä^ ■ Applying this map to 

the commutator relations for positive root vectors yields the commutator relations among 
negative root vectors. 
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3.9. More commutation formulas. Finally we give the commutation formulas between 
a positive and a negative root vector. Let us assume a < b and c < d. Then from [7] we 
have the following: 

-l)^a,bEd,aE^,,Eafi {b<coTC<a<b<d) 

-lfa,bEd,cEa^^Ea,b + K^,bEa,c {a<c<b = d) 

Ea,bEd,c = { i-1 f-'''^^'^Ed,cEa,b - {-l)^-^^^^'^Ka,bEd,b {a = c < b < d) 

.lfa,tEä,.Ed,cEa,b + {qa - q-^)-\Ka,b - K~l) (a = c and 6 = d) 

-l)Ba,bEä,cEa^^Ea,b - {qb - qb^)Kc,bEa,cEd,b {a < c < b < d) 

(3.9.1) 

Using these and elementary inductive arguments yields the following formulas. Note that 
the assumptions on divided powers of root vectors stated before Proposition 13 . 8 . 1] applv here 
as well. 

Proposition 3.9.1. Let Ea^ and Ed^c be two root vectors with a < b and c < d, and let 

M,N > 1. We then have the following commutation formulas. 
(1) Ifb<corc<a<b<d, then 



^a,b ^d,c 



Ea,b Edr 



(2) Ifa<c<b = d 

min{M,N) 

2^ % ^d,c ^c,dEa,b ^a,c- 

t=0 

(3) If a = c < b < d, then 

mm{M,N) 

^a,b ^d,c - 1b ^d,b^d,c ^a,b^a,b 

t=0 

(4) If a <b, then 



{M)^{N) 
a,b b,a 



rmn{M,N) 



{N~t) 



(5) If a < c < b < d, then 

mm{M,N) 

Ea,b Ed^c - y~ 

t=0 



t=0 



-t(2JV-3f-l) 



Ka,b;2t-M 

t 



N 



E 



(M-t) 
a,b 



We can use the antiautomorphism on U defined in the previous section along with simple 
calculations to derive additional identities (cf. [D] Section 9]). In this way we obtain a 
complete set of commutation relations involving a positive root vector to the left of a 
negative root vector. There are similar commutation formulas for the case of a negative 
root vector followed by a positive root vector. These can be obtained from the above 
formulas by solving for the term E^^^ E^^^K The new formulas will be of a similar form. 

Taking all possible formulas we obtain the commutation formulas for divided powers of 
root vectors. The interested reader can derive the complete set. 
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3.10. An ^-form for U. Recall that Lusztig defined an ^ = (7^^]-form for Uq{Q) 
whenever g is a semisimple Lie algebra. We define an analogous ^-form for U. Let 
denote the >l-subsup er algebra of U generated by 

\Ka\ 



l<ay^b<m + n,M,teZ 



>o 



Fix an order on the root System <I>^ and let P{m\n) be as in ()2.13.ip . For A = {A{a)) G 
P{m\n), we define 



Ea 
Fa 



n 

a=ea-£be*+ 



E; 



{A{a)) 



n ^b,a 

0=£a-£be<I> + 

where the product is taken according to the fixed order on 

There is a known basis for the analogously defined ^-form for Ug(gö) following from 
Lusztig's basis for Ug(s[(n)) [T71 Theorem 4.5] (see also [23j). Using this basis and the 
quantum commutator formulas given in the previous section it follows that has an 
^-basis given by the set 



A,C e P{m\n), dl, ... , cJm+n G {0, 1}, /i G A{m\n) 



(3.10.1) 

In particular this gives a basis for U after extending scalars (compare with [25l Proposi- 
tion 1]). 

If A is S or T, then we define A^ to be the image of under the quotient map. In 
particular A_4 is a Z[g, g~^]-subsuperalgebra of A and (the image under the quotient map 
of) the set given in (|3.10.ip spans A^. For short we call Sq{m\n,d)_A the integral q-Schur 
superalgebra. 

3.11. Quantum Kostant monomials and content functions. We now define the quan- 
tum analogue of the Kostant monomials. Any finite product of nonzero elements of the form 

±1 \Ka] 



E 



(M) 
a.b ' 



K. 



t 



where l<a^b<m + n and M, t € Z>o, will be called a Kostant monomial. 
We also define content functions as before. Namely, the content function 

m+n 

X '■ {Kostant monomials} — > Ze^ 



(3.11.1) 



i=l 



is given on generators by declaring for a = — G M, N G'N, and t € Z>o that 



max(a,fe) > 
23 



Ka 
t 



0. 



For general monomials we again use the formula xi^^) = xi^) + xO^) whenever X, Y are 
Kostant monomials. 

We also define the left content, xl^ and right content, xr? by declaring on generators 
that 



XL{^a,b ) 
XL{Ka) 

XR[^a,b ) 
XR{Ka) 



-1^ 



Mea, 
Xl{K- 

Meb, 

XRiK"' 



XL 



XR 



Ka 
t 



t 



0, 



and again using the rule xl{XY) = xl{X) + xrO^) (similarly for xr) whenever X and Y 
are Kostant monomials. We again use (I2.12.3|) to view Outputs of the content functions as 
elements of A(m|n). 

3.12. A basis for the (/-Schur superalgebra. We can now state the quantum analogue 
of Theorem 12.14.31 

Theorem 3.12.1. The integral q-Schur superalgebra is the A-subalgebra of Sq{m\n,d) gen- 
erated by 

1 ^ a 1 ^ 

and M £ . 



1, 1 < 6 < m 



n. 



Moreover, the set 



where 1 < a < m + n 

Y= [j {EaIxFc \A,Ce P{m\n),x{EAFc) ^ A} 

XeA-{m\n,d) 

forms a Q{q)-basis of Sq{m\n,d) and an A-basis of Sq{m\n,d)j\^. 

We remark that, as in Section 12.141 t^e set Y has alternate descriptions using the left 
and right content functions. Applying the antiautomorphism of U yields a similar basis in 
which the positions of the E and F terms are swapped; that is, the analogue of Y_ in [9]. 

Proposition 3.12.2. The set Y spans the superalgebra T. 

Proof. The proof is exactly analogous to the proof of Proposition 12.14.11 and the proof 
of [Öl Proposition 9.1]. One again argues by induction on degree and content using the 
above commutation formulas to write an arbitrary Kostant monomial as a 7j[q, q~^]-lmeai 
combination of elements of Y. The coefhcients in our commutation formulas are slightly 
different, but they are still elements of ^[g, q~^] and so this does not affect the substance of 
the argument. □ 

Lemma 3.12.3. The cardinality of the set Y is equal to the dimension o/S = Sq{m\n,d). 

Proof. It is known that the dimension of Sq{m\n,d) over 'Q{q) equals the dimension of 
S{m\n,d) over Q. This is established, for example, in the proof of [19' Proposition 4.3]. 
This can also be seen as an outcome of [10^ Theorem 9.7]. The result then follows by the 
proof of Lemma 12.14.21 □ 

Theorems 13.3.11 and 13.12.11 now foUow as in the nonquantum case. 
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3.13. A weight idempotent presentation. We also have a quantum analogue of The- 
orem 12.15.11 which gives the g-Schur superalgebra by generators and relations using the 
weight idempotents. 

Theorem 3.13.1. The q-Schur superalgebra Sq{m\n,d) is generated by the homogeneous 
elements 

El , . . . , EjYi-\-n—li E\ , . . . , i^m+n— 1 ) 1 A ; 

where X runs over the set A{m\n,d). The 'L2-grading is given by setting E^ = Em = 1, 
Ea = Fa = Ö for a ^ m, and 1^ = for all X G A(m|n, d). 
These generators are subject only to the relations: 

= ^A.^Ia, J2xeA(m\n,d) ^A = 1 




lA+Qa-E'a, 


i/ A + Oa S A(m 


\n 


,d) 


0, 


otherwise. 






1A — 


if X — Ua & A(m 


n, 


d); 


0, 


otherwise. 






Ea'^X-aaJ 


if X — Oa & A{m 


\n 


,d) 


0, 


otherwise. 








if X + aa ^ A(m 


n, 


d); 


0, 


otherwise. 







(Q30 [Ea,Ft,] = <5,,,EA6A(™|n,d) [h " ("l)^"^' A,+i j 1a. 

And relations ((54) and (QS) given in Theorem \3.3.1[ 

Theorem 13.13.11 is proven just as in the nonquantum case and as in the proof of [U 
Theorem 3.4]. 

4. The (/-Schur Superalgebra as an Endomorphism Superalgebra 

4.1. Quantum Schur- Weyl duality. There is a natural signed action of the Iwahori- 
Hecke algebra associated to the Symmetrie group on d letters, Hg = Jlq{T,d), on V'^'^. In 
[lÜ] Mitsuhashi defines the g-Schur superalgebra as the superalgebra 

S := S{m\n,d) = EndH,(V®'^). 

The main result of [191 is to establish a Schur- Weyl duality between this endomorphism 
algebra and the Iwahori-Hecke algebra. However, it is not immediately obvious the g-Schur 
superalgebra defined in this paper as a quotient of U coincides with the one used there. We 
now reconcile this difference. 

Recall that we have a fixed homogeneous basis vi, . . . , Vm+n for V and this defines a 
homogeneous basis {vi-^ ® ■ ■ ■ ® Vi^ \ 1 < ii,. . . ,id < m + n} for V®'^. Define a map 
Ud : V®'^ ^ V^'^ by 

(^d{vi, ■ ■ ■ O t-ij = (-iyH+-+^^äVi^ O • • • O Vi,. 
It is easily seen that ad commutes with the action of on V'^'^ defined in |19] . 
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Let U"" denote the quantum group associated to Ql{m\n) in [2, Jj)J. This algebra is 
generated by elements ei, . . . , Cm+n-i, fi, ■ ■ ■ , fm+n-i-, and (where h ranges over the 
elements of the dual weight lattice), along with an element denoted by a. For each d > 1, 
let 

denote the homomorphism given in Equation (3.2)]. Mitsuhashi proves in [191 Theo- 
rem 4.4] that S = pd (U"^) . For short we write S for the g-Schur superalgebra defined in 
Section [3]2] as a quotient of U. We claim that S = S. When d = 1, it is straightforward 
to see that the action of the generators e^, /„, q^, coincide with the action of our Ea, Fa, 
and K^^. More generally, this remains true for d > 1 once we take into account the fact 
that the difference in the coproducts is exactly explained by the fact that we use the sign 
Convention whereas Mitsuhashi does not but instead introduces the element a (which acts 
on V®^ by a^). 

Thus S C S. It only remains to account for the extra generator er in U"^. That is, since 
a acts on V'^'^ by the map u^, we need to show that lies in S. The next lemma shows 
that it lies in the Image of pd and, hence, in S. 

Lemma 4.1.1. For each d > 1, there exists x^; € U so that pd{xd) = c^- 

Proof. It suffices to construct an element of U whose action on our basis for V®*^ coincides 
with the action of ad- We build this element up in several steps. First, for < s < d and 
1 < a < m + n we use the notation given in (I3.2.ip and (I2.1.ip to define ujs,a S U by 

^ _ [Kg - l){Ka -qg)... {Kg _ qt^){Ka -ql + (-l)"^)(j^a - g^^) ■■■{Kg- qj) 
{q'a-mi-<la)---{qi-qr^){tg-ql^^)---{q'g-qi) 
Given 1 < a <m + nwe define a function, 

Tg ■■ {vii (g) • • • (g) fjj 1 < ii, . . . < m + n} -> {0, 1, . . . ,d} , 

which counts the occurrences of in u ® • • • (g) Vi^. That is, it is defined by 

rg = rg{vi^ (g) • • • (g) Vi^) = \{t = 1,. . . ,d\it = a}\. 

Then a direct calculation (cf. the calculation used to prove relation {Q7) in Lemma l3.5.ip 
shows that 



{-lY'^-"-{vi^ ®Vi^®---® Vij), if s = rg-, 
0, if s / rg. 



Now, for 1 < a < m + n define Qg €z JJ hy 

d 

It then follows that for any basis vector (g) • • • (g) Vi^ we have 

^a{Vi^ (g) • • • ViJ = (-l)'^"'"(fii (g • • • (g) fi, 
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Finally we define S7 G U to be the element 

m+n 
a=l 

Ii follows that we have 

(m+n \ 

= (_l)n-T+-+r^+n-T?^+Tr^^.^ ^ . . . ^ ^.j 

= {-iyn+-+^rn+.(Vi^0...0vJ 

for every basis element Vi-^^ ® ■ ■ ■ ® Vi^. That is, as desired, G U acts as aa on V®*^. □ 
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